Abstract: We perform a non-perturbative study of the scale-dependent renormalization factors of a multiplicatively renormalizable basis of ∆B = 2 parity-odd four-fermion operators in quenched lattice QCD. Heavy quarks are treated in the static approximation with various lattice discretizations of the static action. Light quarks are described by nonperturbatively O(a) improved Wilson-type fermions. The renormalization group running is computed for a family of Schrödinger functional (SF) schemes through finite volume techniques in the continuum limit. We compute non-perturbatively the relation between the renormalization group invariant operators and their counterparts renormalized in the SF at a low energy scale. Furthermore, we provide non-perturbative estimates for the matching between the lattice regularized theory and all the SF schemes considered.
Introduction
Particle-antiparticle transformations of neutral B-mesons are currently being investigated in the framework of major experimental programmes, aiming to constrain the top-quark sector of the Cabibbo-Kobayashi-Maskawa (CKM) matrix. Measurements of the oscillation frequencies ∆m q (q = d, s) allow to extract |V tq |, once the quantum mechanical amplitudes responsible for the elementary transitions are known. The latter are customarily represented in terms of the B-parameters B Bq through an explicit factorization of the vacuum-saturation contribution, namely A theoretical computation of the matrix element in Eq. (1.1) requires non-perturbative techniques for a proper description of the low-energy dynamics of the B-mesons. Lattice QCD is the obvious methodology, insofar as all its systematic uncertainties can be reduced to an acceptable level. We refer the reader to [1, 2] for a review of recent lattice determinations of the mixing parameters of the B-mesons.
In a previous work [3] , we have devised a novel strategy to compute the above matrix elements in lattice QCD, based on Heavy Quark Effective Theory (HQET) at leading order in the heavy quark mass expansion in conjunction with twisted mass QCD (tmQCD) [4] in the light quark sector. This has the advantage of removing the unwanted mixings under renormalization, which arise with ordinary Wilson-type lattice fermions. The main idea behind the proposed approach originates from the general observation that in presence of a chirality breaking lattice regularization, like the Wilson one, parity-odd four-fermion operators can have simpler renormalization properties than their parity-even counterparts, as also shown in [5] . In the particular case where light quarks are described as Wilson fermions and heavy quarks are treated in the static approximation, it is even possible to define a complete basis Q ′ ± k k=1,..., 4 of multiplicatively renormalizable parity-odd ∆B = 2 four-fermion operators, which is given in sect. 2 below (see also Eq. (2.12) of [3] ). As derived in [3] , this result is mainly due to the heavy quark spin symmetry and time reversal, which strongly constrain the chirality breaking pattern, especially in the parity-odd sector. The adoption of tmQCD allows to take advantage of such properties by relating the parity-even operators of the effective static theory entering the computation of B Bq to the aforementioned operator basis, viz. Q ′ + 1 and Q ′ + 2 . Accordingly, the additional mixing under renormalization with Wilson-type lattice fermions is avoided, thus opening the way to a determination of the B-parameters with reduced systematic uncertainties. This paper is devoted to a non-perturbative study of the renormalization group (RG) running of the operator basis Q ′ + k k=1,..., 4 in the quenched approximation. Renormalization constants are defined in terms of Schrödinger functional (SF) correlators, where periodic boundary conditions (up to a phase θ for light-quark fields) are imposed along the spatial directions and Dirichlet boundary conditions are imposed in time. The SF formalism [6, 7] , developed initially to produce a precise determination of the running coupling [8, 9] , has proved useful also in phenomenological contexts, like the RG running of the quark mass [10] [11] [12] [13] , the computation of moments of structure functions [14] , the evolution of the static-light axial current [15, 16] and the computation of the Kaon B-parameter [17] [18] [19] . In this framework, the operator running can be determined by computing the so-called step scaling function (SSF) for a wide range of renormalized couplings, which extend from perturbative to non-perturbative regimes. The SSF itself is determined through a recursive finite-size scaling procedure, which provides a step-wise construction of the solution to the Callan-Symanzik equation. Through a sequence of Monte Carlo simulations at different lattice spacings the latter is obtained in the continuum limit.
The implementation of the non-perturbative renormalization programme in the framework of the SF is usually split into two parts. The first is the determination of the scale dependence of the relevant operators from low to high scales in an SF scheme, which yields universal, regularization-independent relations between renormalization group invariant (RGI) operators and their counterparts in the SF scheme. The second part is the matching between the operators in the chosen SF scheme and the lattice-regularized theory. This is achieved by computing the relevant renormalization factors at a fixed low-energy hadronic scale µ had for several values of the lattice spacing. The combination of the renormalization factors with the regularization-independent part yields the total matching between the bare lattice operators and the RGI ones. In this paper we report on the determination of the total renormalization factor in quenched QCD, with the heavy quarks treated in the static approximation and the light quarks discretized according to the O(a) improved Wilson action.
In order to provide useful input for phenomenology, lattice determinations of Bparameters must have an accuracy at the level of a few percent. Thus, to avoid being dominated by the numerical uncertainty in the renormalization factor, we aim for a target precision of the RGI constants within 1.5-2% in this work. It is well known that Monte Carlo simulations including static fermions are plagued by a deterioration of the numerical signal. As shown in [20] , this problem can be overcome through the adoption of statistically improved actions. An analysis of the signal-to-noise ratio shows that achieving a relative uncertainty around 1% in the continuum limit of the SSF is unattainable when the naive discretization of the Eichten-Hill (EH) fermions is employed, especially in the deeply non-perturbative regime. The use of different lattice discretizations allows to obtain independent determinations of the SSF at finite lattice spacing. Universality of the continuum limit then imposes the constraint that results from different discretizations extrapolate to a common value at vanishing lattice spacing. This fact can be exploited in order to constrain fits corresponding to different discretizations, so to reduce the systematic uncertainty.
The paper is organized as follows. In sect. 2 we introduce the multiplicatively renormalizable operator basis Q ′ + k k=1,...,4
. The RG equation, its formal solution and the strategy used for the reconstruction of the operator scale evolution in various SF schemes are reviewed in sect. 3. Details concerning the lattice formulation and the Monte Carlo simulations are reported in sect. 4. Sect. 5 is devoted to the analysis of the numerical results. Here we present a discussion of the noise-to-signal ratios observed in our simulations, the continuum extrapolation of the SSF, the RG running in the continuum limit and the connection to the hadronic observables. Conclusions are drawn in sect. 6. Tables and plots have been collected in appendix A.
Static-light four-fermion operators
Here we briefly review the definition of the operator basis used in our calculation. For full details, see sect. 2 of ref. [3] .
We consider a theory with a light quark sector consisting of two massless O(a) improved Wilson-type fermions (ψ 1 , ψ 2 ) and a heavy quark, represented by a pair of static fields (ψ h , ψh), which propagate respectively forward and backward in time. We are interested in ∆B = 2 static-light four-fermion operators. These are generically defined via
where Γ 1,2 are Dirac matrices, and the notation
is adopted. Our attention will be restricted to the subset of the above operators which are odd under parity and are eigenvectors of the flavour exchange symmetry {S : ψ 1 ↔ ψ 2 } with positive eigenvalue. The operator basis commonly used in the literature is
Note that the tensor structure TT is redundant in the static approximation. The above operator basis exhibits a non-trivial mixing pattern under renormalization, which makes it unsuitable to a non-perturbative numerical study of the RG running. As shown in [3] , the mixing can be fully disentangled by taking appropriate linear combinations of the Q + k 's with integer coefficients, namely
The operators Q ′ + k renormalize purely multiplicatively. The existence of a rearrangement of the standard operators, which yields multiplicative renormalizability without the need for a fine tuning of the mixing coefficients with the bare coupling, is a consequence of the heavy quark spin symmetry characterizing the effective static field theory. It is therefore peculiar to the ∆B = 2 parity-odd four-fermion operators in HQET.
Renormalization group running
In order to prepare the ground for our study of the scale evolution of the operators Q ′ + k , some basic concepts of the RG theory are briefly reviewed. A sketch of the computational strategy for the numerical reconstruction of the non-perturbative RG running in the SF scheme is then depicted.
Callan-Symanzik equation
The scale evolution of the operators provided by Eq. (2.4) is governed by a set of scalar Callan-Symanzik equations,
where k = 1, . . . , 4, and the renormalized operator is related to the bare lattice one through
Here g 0 denotes the bare gauge coupling. If a mass-independent renormalization scheme is adopted, as assumed in the following, the RG functions β, τ and γ ′ + k depend only upon the coupling. In particular, β(g) and τ (g) control the running of the renormalized parameters g(µ) and m j (µ) through the RG equations
while the anomalous dimension γ ′ + k (g), which provides the radiative correction to the classical scaling of Q ′ + k , is related to the renormalization constant Z ′ + k via a logarithmic derivative,
We emphasize that β, τ and γ ′ + k are non-perturbatively defined functions. Their dependence upon the coupling constant in the short-distance regime is expected to be asymptotically described by the first terms of the perturbative expansions
The universality of the lowest order coefficients can be demonstrated by relating the CallanSymanzik equations corresponding to different renormalization schemes. In particular, the leading order (LO) coefficients b 0 and d 0 , and the next-to-leading order (NLO) one b 1 are found to be
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in all renormalization schemes. The LO coefficients γ ′ +;(0) k of the anomalous dimensions of four-fermion operators are universal as well. Their values have been obtained in [3] by rotating the LO coefficient of the anomalous dimension matrix in the operator basis Q + k , originally computed in [21, 22] , to the diagonal basis Q ′ + k . These coefficients read
The formal solution of the Callan-Symanzik equation relates the scheme-dependent RG running operator
From a mathematical point of view, the RGI operator can be interpreted as the "integration constant" of the solution of the Callan-Symanzik equation. As such, it is uniquely defined up to an overall scale-independent factor. In Eq. (3.15) we have adopted the normalization usually employed with four-fermion operators. The RGI operator can be easily shown to be independent of the renormalization scheme. Note that all the scale dependence is carried by a factor, 16) which represents the integration of the RG functions β(g) and γ ′ + k (g) in the whole range of renormalization scales from µ to infinity. This integral receives perturbative contributions in the region whereḡ 2 (µ) ≪ 1. The total amount of non-perturbative contributions depends on how deeply in the non-perturbative regime the renormalization scale µ is placed and on the rate of convergence of perturbation theory at the scale µ in the chosen renormalization scheme.
Step scaling functions and total renormalization factor
The computation of the evolution factorĉ ′+ k (µ) requires full knowledge of the RG functions over a large range of scales. Numerical simulations can provide an insight into the nonperturbative region, but for that purpose Eq. (3.16) is of little practical use. We shall now describe how the scale evolution can be determined non-perturbatively from low energies, corresponding to typical hadronic scales, to high energies, where the coupling is sufficiently small to make contact with perturbation theory.
Our task is to compute the proportionality factor between renormalized operators at a low-energy hadronic scale µ had and their counterparts at the scale µ, i.e.
The renormalization is multiplicative, and hence U ′ + k is given by the ratio
Typically, we will think of the scale µ to lie in the ultraviolet, such that µ ≫ µ had . Since it is difficult to accommodate scales that differ by orders of magnitude in a single lattice calculation, it is useful to factorize the evolution and adopt a recursive approach. The so-called step scaling functions (SSFs) σ + k and σ describe the change in the operators and the gauge coupling, respectively, when the energy scale µ is decreased by a factor 2, i.e.
In sect. 3.3 we shall sketch how σ + k and σ can be computed for a sequence of couplings u i , i = 0, 1, 2, . . . in lattice simulations. For the moment we simply state that the relation between operators renormalized at scales µ had and 2 n µ had is obtained from the product of SSFs via
If µ had is taken to be a few hundreds of MeV, it is safe to assume that 2 n µ had lies in a regime where perturbation theory can be applied, provided that one succeeds in computing the SSFs for a sufficiently large number of steps. In our numerical determination described in sect. 5 we have used n = 8, and thus we could trace the evolution non-perturbatively over three orders of magnitude.
Assuming that µ pt ≡ 2 n µ had is large enough, one can evaluateĉ ′+ k (µ pt ) by inserting the perturbative expressions for the anomalous dimensions and the β-function into Eq. (3.16). The relation between the RGI operators and their counterparts at the hadronic scale is thus given by Q
It remains to specify the total renormalization factorẐ ′+ k,RGI which links the RGI operator to the bare operator Q ′ + k (a) on the lattice via
where the total renormalization factor is given by the product
The factor Z ′ + k (g 0 , aµ had ) must be determined for each operator in a lattice simulation at fixed µ had for a range of bare couplings, using suitable renormalization conditions. We stress that the combinationĉ
represents the universal, regularizationindependent contribution toẐ ′+ k,RGI . Finally, we note that all reference to the scales µ pt and µ had drops out in the total renormalization factor.
Scale evolution in the SF
The non-perturbative renormalization of local composite operators via the Schrödinger functional has become a standard method. The SF scheme is based on the formulation of QCD in a finite space-time volume T × L 3 , with periodic spatial boundary conditions and Dirichlet boundary conditions at Euclidean times x 0 = 0, T . [6, 7] . By imposing suitable renormalization conditions at vanishing quark mass and by choosing a particular aspect ratio T /L, the box size L remains the only scale in the formulation. The dependence of composite operators and the gauge coupling on the renormalization scale can thus be probed by changing the volume. In particular, the step scaling functions for a variety of operators can be computed via recursive finite-size scaling, ranging over several orders of magnitude in the physical box size.
In order to fully specify our adopted finite-volume scheme, we have set the aspect ratio to T /L = 1. Furthermore, as in ref. [10] we have imposed periodic spatial boundary conditions up to a phase θ = 0.5 and evaluated the renormalization conditions for vanishing background field.
Renormalization conditions for our four-quark operators in the SF scheme are defined in sect. 3 of ref. [3] , to which the reader is referred for full details. In particular, the relevant renormalization factors Z ′ + k are given in terms of suitable correlation functions of the operators Q ′ + k (see Eq. (3.16) of [3] ). Note that in [3] our notation for the renormalization constants and the corresponding SSFs is supplemented by two additional indices, e.g. Z ′ +;(s) k;α . The index s = 1, . . . , 5 enumerates the different boundary Dirac structures 1 which can be used in order to probe the four-fermion operators Q ′ + k ; the index α = 0, 1/2 distinguishes different combinations of pseudo-scalar and vector boundary-to-boundary bilinear correlators, used to remove the additional divergencies introduced by the boundary sources 2 . However, for notational clarity we shall drop the additional indices in the following.
For each combination of s and α we compute the lattice SSFs of the operators 24) i.e. the SSFs are evaluated in the chiral limit, m(g 0 ) = 0, (where m is the PCAC quark mass defined following ref. [10] ), for a given lattice size L/a and at fixed renormalized SF couplingḡ 2 of the renormalization scheme, but also on the details of the lattice regularization. They have, however, a well defined continuum limit, viz.
Thus, at each fixed value of the renormalized coupling, the SSFs in the continuum limit are obtained by computing Σ
for several values of the lattice spacing and performing an extrapolation to vanishing lattice spacing.
Our task is the determination of the scale evolution factor U ′ + k of Eq. (3.20) for µ had = 1/(2L max ), where the scale L max is implicitly defined through
This value of the coupling corresponds to L max /r 0 = 0.738(16) [23] , which for r 0 = 0.5 fm translates into µ had ≈ 270 MeV. The sequence of couplings
is computed by solving the recursion
The SSF of the coupling σ(u) has been calculated in the quenched approximation in [8, 10] . The SSFs of the four-fermion operators can then be evaluated for the sequence of couplings, u l , l = 0, 1, 2, . . ., and Eq. (3.20) yields the RG evolution between the hadronic scale µ had = 1/(2L max ) and the high-energy scale µ = 2 n−1 /L max .
As described below in sect. 5.3, in practice we fit the data for each SSF to a polynomial and use the resulting fit functions in the recursions of Eqs. (3.28) and (3.20).
Lattice setup

Discretization of light and heavy quarks
As previously stated, light quarks are discretized in this work according to the Wilson prescription with O(a) Symanzik improvement. The general concept how to implement O(a) improvement in the SF has been presented in refs. [6, 24] . As usual, the improvement of the Wilson action is achieved by adding the standard Sheikholeslami-Wohlert term [25] .
Field theories defined in finite volume with boundaries, such as the SF of QCD, require that suitable boundary counterterms be included as well, in order to fully cancel O(a) lattice artefacts. The particular realization of the SF of refs. [6, 24] , which we adopt in this paper, lists two relevant counterterms, multiplied by the improvement coefficients c t (g 2 0 ) − 1 and c t (g 2 0 ) − 1, respectively. The improvement coefficient c sw has been computed non-perturbatively in the quenched approximation for a range of values of the bare coupling g 0 [26] and is parameterized by the interpolating formula
By contrast, the coefficients c t andc t are known only in perturbation theory to NLO [27] and LO [28] respectively:
Heavy quarks are treated in the static approximation. The original lattice action, first derived by Eichten and Hill in [29] , has been subsequently generalized in [20] , in order to improve the signal-to-noise ratio of static-light correlators at large time separations. Following this approach, we write it in the form
where the covariant derivatives are defined according to
In order to reproduce the original Eichten-Hill formulation, the generalized parallel transporter W 0 (x) must be replaced by the temporal gauge link U 0 (x). Moreover, the choice of W 0 (x) is constrained by the requirement of keeping the theory in the same universality class, to guarantee a unique continuum limit. In the following, we consider four different choices of W 0 (x), all compliant with this requirement, i.e.
In the above definitions V 0 (x) denotes the average of the six staples surrounding the gauge link U 0 (x) and V HYP 0 (x) represents the temporal HYP link of [30] with the approximate SU(3) projection of [20] . Two sets of HYP-smearing coefficients α are considered, leading to two independent realizations of the HYP smeared parallel transporter. The static actions so assembled are automatically O(a) improved, without the need of time-boundary counterterms, and differ among each other at finite cutoff by O(a 2 ) terms.
The O(a) improvement of correlation functions of composite operators is completed through the inclusion of the appropriate higher dimension counterterms in the lattice definition of the local operators. We do not employ operator improvement here, and therefore we expect that the dominant discretization effects are of O(a). We note, however, that the correlation functions defined in Eq. (3.9) of [3] are O(a) tree-level improved, implying that all O(a) counterterms to the local four-fermion operators vanish at this order. Thus we are left with discretization errors of order g 2 0 a.
Simulation details
In our quenched simulations the bare coupling g 0 (equivalently, β = 6/g 2 0 ) must be tuned for a given lattice size, in order to produce a fixed value of the renormalized couplingḡ 2 SF . Furthermore, renormalization conditions for four-quark operators are imposed at vanishing quark mass, expressed in terms of the critical hopping parameter, κ cr .
The complete set of simulation parameters is reported in the first four columns of Tables 2 and 3 [10] vanishes. Following [10] , the computation of κ cr is done at θ = 0. The amount of statistical samples generated in the course of the Monte Carlo simulations has been fixed according to the value of the SF coupling and the lattice spacing, ranging from O(1000 − 1600) independent measurements at the smaller cutoffs down to O(200 − 300) at the larger ones. In order to keep the statistical uncertainty of the renormalization constants nearly constant, an increasing number of samples had to be accumulated at the larger couplings. Gauge configurations have been produced by alternating heatbath and overrelaxation steps (in the ratio of L/2a heatbath moves per overrelaxation). On each independent configuration the Dirac operator has been inverted via the BiCGStab solver with SSOR-preconditioning [31, 32] .
Numerical results
A compilation of renormalization factors Z ′ + k for all renormalized couplings, lattice spacings, schemes and discretizations of the static action would easily exceed the size of an ordinary paper. For the sake of reproducibility, we report in Tables 2-9 those corresponding to the particular case of the HYP2 action and our preferred choice of the renormalization schemes, i.e. (s, α) = (1, 0) for Q ′ + 1,3,4 and (s, α) = (3, 0) for Q ′ + 2 . A complete set of tables and plots is available for download from the website [33].
Analysis of the noise-to-signal ratios
A precise determination of the RGI renormalization constants can only be achieved if the statistical error of the SSF at each simulated coupling and lattice spacing is kept under control. It is therefore important to monitor the noise-to-signal ratio [20] , R X is related to the value of the binding energy E stat ∼ 1 a e (1) g 2 0 + . . . of the static-light meson, which diverges linearly in the continuum limit. The leading coefficient e (1) depends upon the lattice discretization of the static action and its value sets the rate of growth of the noise-to-signal ratio: a linear reduction of e (1) corresponds indeed to an exponential damping of the statistical fluctuations. From our results we deduce the general trend
As an example, we compare in Figures 1 and 2 the noise-to-signal ratio of the SSF of the operators {Q ′ + k }, k = 1, . . . , 4 with EH and HYP2 discretizations in our preferred choice of the renormalization schemes. Lower plots in each figure show that R HYP2 is almost constant against variations in the renormalized coupling and always lower than 1%. Moreover, it never increases by more than a factor 4 going from the coarsest to the finest lattice resolution at fixed coupling. This picture is completely reversed when looking at the EH discretization, as shown in the upper plots. Here, a clear increase of the noise-to-signal ratio with the SF coupling and also with the lattice spacing is observed. In practice, the SSF has an acceptable uncertainty only in the perturbative region, i.e. for u 1.
A comparison of the noise-to-signal ratio for different operators shows that in our preferred schemes Σ with the HYP2 action, in contrast to the EH one. Since the simulations with the EH action are practically unusable for our ultimate aims, the prevailing pattern is the one observed with the HYP2 discretization and will be reflected in the final statistical error of the RGI renormalization constants of the various operators.
Continuum extrapolation of the step scaling functions
The lattice SSFs Σ + k must be extrapolated to the continuum limit (i.e. to vanishing a/L) at fixed renormalized gauge coupling in order to obtain their continuum counterparts σ + k . Since the four-fermion operators have not been improved, we expect the dominant discretization effects to be O(a); thus, our data should exhibit a linear behaviour in a/L. For every combination of (s, α) we have therefore fitted to the ansatz
Fits have been performed using either the whole available set of values of L/a or, alternatively, without taking into account the data at L/a = 6, which may be subject to higher-order lattice artefacts.
Following the spirit of refs. [11, 14, 17] , one could perform a combined fit of the data corresponding to the actions APE, HYP1 and HYP2, all of which have comparable noiseto-signal ratios in the range of lattice parameters covered in this work. However, data obtained with the above actions differ noticeably only -if ever -at L/a = 6, and are very strongly correlated. As a consequence, a combined continuum extrapolation affects only marginally the result coming from the best choice of the action, i.e. HYP2, with a reduction of the relative error of σ + k (u) at the level of a few percent. Thus, without any loss, we will consider only the HYP2 data from now on.
Fit results can be summarized as follows:
(i) the typical statistical accuracy of our results for σ + k ranges from ∼ 0.5% relative error, for the weakest couplings and fits that keep L/a = 6, to ∼ 1.5% relative error at the maximum value of u, for fits that discard L/a = 6. When L/a = 6 is dropped, the fitted values of ρ are always essentially compatible with zero within the statistical uncertainty for Q ′ + 1 and Q ′ + 3 , signalling a weak cutoff dependence of Σ + k . For Q ′ + 2 and Q ′ + 4 , on the other hand, they are zero only within two standard deviations at u 2. In fits containing L/a = 6, non-zero values of ρ are usually obtained for the couplings u 2 and all the operators;
(ii) results from three-point and four-point fits are always compatible within one standard deviation for all operators and schemes, save for a few exceptions in which the agreement is at the level of 1.5σ only;
(iii) the goodness of fit, expressed by the value of χ 2 per degree of freedom, is mostly around or below 1, although it reaches large values in some cases. This does not depend systematically on the number of the fitted points or the value of the coupling. Anyway, given the small number of fitted data points, χ 2 /d.o.f. for each single fit at fixed value of the coupling is a goodness-of-fit criterion of limited value; instead, the total χ 2 /d.o.f. (summed over all values of the coupling at fixed operator and scheme) is always around or below 1, reaching maxima of the order of 1.5.
Based on this analysis, we conservatively choose linear extrapolations that do not consider the L/a = 6 datum to extract our final values of σ 
RG running in the continuum limit
The analysis described above yields accurate estimates of the continuum SSFs σ + k for a wide range of values of the renormalized coupling. In order to compute the RG running of the operators in the continuum limit as described in sect. 4, we need to fit these data, as well as those for the SSF of the renormalized coupling itself, to some functional form. Regarding the SSF of the coupling σ(u), we have followed the same procedure as in [10] . This has been also adopted for the SSFs of the four-fermion operators, for which we have assumed the polynomial ansatz
motivated by the form of the perturbative series. In particular, the analytical expressions of the first two coefficients are given in perturbation theory by
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While the first coefficient is entirely determined by the LO anomalous dimension and is hence universal, the second one, where the NLO anomalous dimension enters, is scheme dependent. Contrary to the case of the fully relativistic four-quark operators considered in [34] , the NLO coefficient does not depend strongly on the chosen SF scheme.
We have performed fits to the ansatz of Eq. (5.4) with N ranging from 2 to 4. The coefficient s 1 is always kept fixed to the value in Eq. (5.5), and fits are performed either with s 2 fixed to the value in Eq. (5.6) or keeping it as a free parameter. All fits are well behaved, with values of χ 2 /d.o.f. ranging from 0.8 to 1.6. It is worth mentioning that when s 2 is kept as a free parameter, its fitted value lies in the ballpark of the perturbative prediction of Eq. (5.6), which can be taken as an indication that perturbation theory indeed describes the data well within a large part of the range of scales covered by our simulations. However, our data are not accurate enough to allow for a more detailed check of the applicability of perturbation theory beyond leading order.
Once a definite expression for the fitted step scaling function is chosen, the solution of the recursion relations provided by Eqs. (3.28) and (3.20) is unique. At that point, the value obtained for the RG running factor U ′ + k (2 n µ had , µ had ) of Eq. (3.20) is a function of the fit parameters only. We have checked that increasing the number of fit parameters provides compatible results for U ′ + k (2 n µ had , µ had ) with slightly larger errors. The result is also fairly insensitive to whether s 2 is fixed to the perturbative prediction or not. The conclusion is that, at the available level of precision, the bias induced by the choice of the fit function is not significant, which results in a numerically very stable determination of the SSFs. We quote as our best results those coming from a two-parameter fit with s 1 fixed by perturbation theory.
At this point it is useful to restrict the attention to a selected subset of renormalization schemes. As discussed in [3] , heavy quark spin symmetry provides a number of identities between the 10 SF schemes we have considered per operator 3 . In practice, we have four different independent schemes for the operators Q ′ + 1 and Q ′ + 3 , and another eight for Q ′ + 2 and Q ′ + 4 . All these schemes should lead to the same RGI quantities, since the total renormalization factors (see below) differ only by cutoff effects. This could be used potentially to improve continuum limit extrapolations by combining various schemes. However, the strong statistical correlation between the different renormalization factors is likely to produce only a small gain in precision. Therefore, we choose for each operator just one single representative scheme. This strategy has been seen to be justified in the fully relativistic case, i.e. in the computation of B K [18, 19] .
As discussed in [17] , the main criterion to define suitable schemes amounts to checking that the systematic uncertainty related to truncating at NLO the perturbative matching at the scale µ pt ≡ 2 n µ had in Eq. (2) k by performing a one-parameter fit to the SSF with s 1 and s 2 fixed by perturbation theory, and then equating the resulting value of s 3 to its perturbative expression
For the operators Q ′ + 1,3,4 , we find that in either case the central value of the combination c
changes by a small fraction of the statistical error, of the order 0.1σ-0.3σ. There is no systematic dependence on the choice of boundary operators or normalization factors in the renormalization condition. We thus conclude that this particular uncertainty is well covered by the statistical one and choose as our reference schemes those labeled by (s, α) = (1, 0).
As for the operator Q ′ + 2 , which carries relatively large NLO anomalous dimensions, the effect can be as large as 0.8σ with s = 3, and of the order of 1σ with the other values of s. There is no significant dependence on α. We therefore opt, conservatively, for (s, α) = (3, 0) as our preferred choice for this operator, adding toĉ ′+ 2 (µ had ) a systematic uncertainty of 0.8 standard deviations. It has to be stressed that the impact of this extra uncertainty at the level of the B-B mixing amplitude is not particularly worrying, since the matrix element of Q ′ + 2 enters the latter only at O(α s ) when the static theory is matched to QCD. It is therefore expected to contribute a relatively small fraction to the final uncertainty.
The results for the operator RG running in these schemes are provided in Table 1 . Those concerning the SSFs are collected in Table 10 . The same results are illustrated by Figure 7 .
Matching to hadronic observables
The RGI operator, defined in Eq. (3.15) , is connected to its bare counterpart via a total renormalization factorẐ ′+ k,RGI (g 0 ), as in Eq. (3.23). We stress thatẐ ′+ k,RGI (g 0 ) is a scaleindependent quantity, which moreover depends on the renormalization scheme only via cutoff effects. Indeed, it depends on the particular lattice regularization chosen, though only through the factor Z ′ + k (g 0 , aµ had ), the computation of which is much less expensive than the total RG running factorĉ
We have computed Z ′ + k (g 0 , aµ had ), µ had = 1/(2L max ) non-perturbatively at four values of β for each scheme and four-fermion operator, and for the four different static actions under consideration. The results for the HYP2 action and the reference renormalization schemes defined in sect. 5.3 are given in Table 11 . Upon multiplying by the corresponding running factors in Table 1 , the total renormalization factors are obtained. These can be further fitted to polynomials of the form
which can be subsequently used to obtain the total renormalization factor at any value of β within the covered range. 4 We provide in Table 1 the resulting fit coefficients for the HYP2 action in our reference renormalization schemes. These parameterizations represent our data with an accuracy of at least 0.3% (this comprises the point β = 6.0. The contribution from the error in the RG running factors of Table 1 has been neglected: since these factors have been computed in the continuum limit, they should be added in quadrature after the quantity renormalized with the factor derived from Eq. (5.8) has been extrapolated itself to the continuum limit.
Conclusions
B 0 −B 0 mixing remains among the most important processes that are required to pin down the elements of the CKM matrix precisely. However, in order to constrain the unitarity triangle sufficiently well and to look for signs of new physics, theoretical uncertainties associated with hadronic effects must be further reduced. Non-perturbative renormalization of four-quark operators is an indispensable ingredient to enable lattice determinations of the corresponding hadronic matrix elements with a total accuracy at the level of a few percent.
In this paper we have described our fully non-perturbative calculation of the relations between parity-odd, static-light four-quark operators in quenched lattice QCD and their renormalized counterparts. Our main results for the complete basis of operators are expressed by the interpolating formula of Eq. (5.8), in conjunction with the coefficients listed in Table 1 . In addition to the regularization-dependent, total renormalization factorŝ Z ′ + k,RGI , we also list the universal running factorsĉ ′+ k (µ had ), which, if desired, can be combined with a different fermionic discretization, provided that the regularization-dependent matching factor Z ′ + k (g 0 , aµ had ) (c.f. Eq. (3.23) ) is re-computed. The bulk of the uncertainty associated with the renormalization originates from the universal running factors, which have been determined with an accuracy of 1.5 − 2%. The level of precision ensures that the targeted accuracy of, say, 5% in the final result for the B-parameters in the continuum limit can be reached. The calculation of the bare hadronic matrix elements in quenched twisted mass QCD is currently underway.
Finally, we stress that our method can be straightforwardly extended to the unquenched case, with the simulations to compute the step scaling functions for N f = 2 dynamical quark flavours currently in progress [35] . Although Ginsparg-Wilson fermions appear as the natural discretization to study left-left four-quark operators, the Schrödinger functional is far more complicated to implement than for Wilson-like fermions. In our approach, tmQCD serves to solve the intricate renormalization problem for four-quark operators, while the SF scheme is easy to implement and dynamical simulations with Wilson fermions can be performed in an economical way. -25 - -26 - at various SF renormalized couplings with HYP2 lattice discretization of the static action. The SF coupling u increases from top-left to bottom-right, according to the first column of Table 10. -27 - 2;0 at various SF renormalized couplings with HYP2 lattice discretization of the static action. The SF coupling u increases from top-left to bottom-right, according to the first column of Table 10. -28 - at various SF renormalized couplings with HYP2 lattice discretization of the static action. The SF coupling u increases from top-left to bottom-right, according to the first column of Table 10. -29 - 
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